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Abstract. We compute the first four coefficients of ttie asymptotic ofF-diagonai expan- 
sion in [17] of tire Bergman Icernei for tire A^-th power of a positive line bundle on a 
compact Kahlcr manifold, and we show that the coefficient bi of the N~^^'^ term van- 
ishes when we use a K-frame. We also show that all the coefficients of the expansion are 
polynomials in the K-coordinates and the covariant derivatives of the curvature and are 
homogeneous with respect to the weight w in [12j . 



Introduction 

The subject of this paper is the asymptotic expansion of the Bergman kernels for 
holomorphic sections of powers of a positive holomorphic hne bundle L on a compact 
Kahler manifold M. The Bergman kernel Ki^{z,w) for — )■ M is the kernel of the 
orthogonal projection from the space of sections of to the holomorphic sections. 
In 1990, Tian [25] gave the leading asymptotics of the diagonal kernel Kn{z,z), and a 
complete asymptotic expansion was given by Zelditch [27] and independently by Catlin [6] 
using the Boutet de Monvel-Sjostrand parametrix [5]. A purely complex-geometric proof 
of the Catlin-Zelditch expansion is given in [11] ; see also [2|[7t[T3] for other approaches. The 
first three terms of the diagonal expansion were computed in [12]; alternative approaches 
to the computation of the terms of the expansion are given in [8||26]. 

Zelditch [27] obtained the asymptotic expansion of Kn{z,z) by viewing it as a Szego 
kernel as follows: the holomorphic sections of can be regarded as CR-holomorphic 
functions on a circle bundle X — )■ M (as described below), and the kernels K]\f{z,w) 
lift to form the reproducing kernels IlN{x,y) for the Fourier components 'H^(X) of the 
Hardy space 'h?{X) of CR-holomorphic functions on X. Thus the ^.^{x^ y) are the Fourier 
components of the Szego kernel for X. 

The Bergman projection kernel Ilj^^z, w) can also be viewed as the covariance function 
(or two-point function) of a Gaussian random field on X. It was shown in [18] that the 
zero correlation current (which in one complex dimension gives the pair correlation for 
the point process of zeros of Gaussian holomorphic functions or sections) can be given by 
a universal formula depending only on the covariance ^.^^{z, w). This formula for the zero 
correlation current together with the scaled off-diagonal asymptotics of [T7| was applied 
to the distribution of zeros, critical points and excursion sets of random holomorphic 
sections in [T|[TU |[TBH2U| I21] . For example, [121111] generalize results of Sodin-Tsirelson [5T] 
on the variance and asymptotic normality of the number of zeros of a random holomorphic 
function on a domain in C; [20] generalizes [22] on the "hole probablity" of finding no 
zeros in a domain. 
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The off-diagonal asymptotics of the Bergman kernel have also found applications, for 
example, to random Bergman metrics [H], the convergence of geodesies in the space of 
Bergman metrics on toric varieties [23], and the asymptotics of spectral projectors asso- 
ciated to Toeplitz operators [IE]. 

A complete asymptotic expansion of the scaled off-diagonal kernel on a compact, almost 
complex symplectic manifold M was given in [17]. In terms of normal coordinates in a 
point Zq e M, this expansion takes the form 

AT— n;v(^, ^) ~ — e"-''-i(l"l'+l"l')(l + + N-^h2 + ■■■ N-'-ZX + ■■■), (1) 



N VN vr^ 



for \u\ + |w| < a. (A precise statement is given in Theorem 1 1 . 2 1 b elow . ) 

In this paper, we consider the integrable case where M is a compact Kahler manifold. 
We show that the coefficients bj of O are polynomials in the "K-coordinates" and the 
covariant derivatives of the curvaturqj (Theorem II. 7p . and we compute the first few terms 
(Theorems 11.31 and 12. ip . Our formula for computing the terms of the expansion is given 
in Lemma 12.61 We also show (Lemma 2.5) that the first coefficient bi of the expansion 
(IT]) vanishes when we use a "K- frame" for L and normal coordinates at zo, and thus 
A^~™ n7v(;^, converges at the rate 1/A^ (instead of 1/\/N) as N ^ oo. The vanish- 
ing of bi (using different non-holomorphic coordinates and frame) was also given by Ma 
and Marinescu [SI (4.1.26)], [H (2.19)]. 

The expansion ([T]) immediately gives the C'^-bounds 

DHogUN{u,v) = 0{N^) , for |m| + < A; > 3. (2) 

V A^ 

k 

(For k = 1,2, the bound is 0(A^2). ) As a consequence of the proof of our formulas for 
the coefficients of ([I]), we prove that one can replace the bounds in ([2]) with the sharp 
bounds 0{y/N) ioT k = 3 and 0{N) for all A; > 4 (Theorem Q • 



1. Statement of results 

Let M be a compact complex manifold polarized by an ample line bundle L. To describe 
the scaled off-diagonal asymptotic expansion, we give L a hermitian metric h with positive 
curvature 9/j, and we give M the Kahler form u = ^Qh- We recall that the Hermitian 
metric h on L induces Hermitian metrics h'^ on L^, and we have 

ci{L^,h'') = Nci{L,h) = —io. 

71 

The metrics h,uj induce Hermitian inner products on the (finite-dimensional) spaces 
H^{M, L^) of holomorphic sections of . 

Let X be the unit circle bundle of the dual line bundle L* . As in [3l[T7l[27] , we lift holo- 
morphic sections s G H^{M, L'^) to CR functions s on X satisfying s(e*^a;) = e*^^s(x). 
We denote the space of such functions by Tij^^X). The Bergman kernel for H°{M, L^) 
lifts to the orthogonal projector H^v : C?{X) 'H^(X), which is given by the Szego 



The curvature tensor itself is regarded as the 0-th covariant derivative. We use this convention 
throughout the paper. 
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where the Sj^ form an orthonormal basis for 'H%{X), and (In = dim H^{M, L^). 

We are interested in the scaled off-diagonal asymptotics of the Szego kernel in a neigh- 
borhood of a point Zq G M. We let z = (2:1, ... , z^) denote local complex coordinates in 
a neighborhood U of ^o, and we let l^l = -|- ■ ■ ■ -|- \zm\'^. Throughout this paper, 

we shall assume that the coordinates of Zq are (0, . . . , 0) G C". To properly describe 
the scaling asymptotics for the Szego kernel at a point Zq G Af, we need to use suitable 
coordinates in the circle bundle X. To do this, we first recall the following definition from 

m- 

Definition 1.1. A preferred local frame at a point zq ^ M is a C°° section of L over 
a neighborhood U of zq such that Ogl vanishes to first order at zq and 

^{z) := - log \\eLiz)\\l = J2 9fM'^fZk + 0{\z\^) . (3) 

Suppose that (zi, . . . , z^) are complex coordinates on a neighborhood U of zq and 
is a local frame over U. We then give points e*^"*^*^^^/^ e2(;z) of the circle bundle X 
(over U) the coordinates {zi, . . . , Zm,0) G x (R/27rZ), and we write 

Un{z,9,;w,92) = U'j^{z,9v,w,92) = (e^^^'^^^^/^ e2(z) , e^'^-'^^^^/^ el{w)) . (4) 
We also let 

{z, 9,; w, 9,) = ±e^(^i-^.)+-^-|(N^+l-P) (5) 

denote the Szego kernel for the Bargmann-Fock space of functions on C"* (see [3]). 
We recall the off-diagonal asymptotics from [17] (see also [HI §5]): 

Theorem 1.2. (cf. (TTJ Theorem 3.1]) Let {L,h) — )■ (Af, w) be a positive line bundle over 
an m- dimensional compact Kdhler manifold with Kdhler form u = Let be a 

preferred local frame for L and let Zi, . . . , Zm be complex coordinates about a point zq & M 
such that the Kdhler potential cp := — log ||eL(z)||^ = + 0(|z|3). Then for all k e Z+ , 

N-U^^^ « ^1 V 9, 



IIbf{u,9i]v,92 



(6) 



r=l 



where 



• each br{u,v) is a polynomial (in u,v,u,v) of degree at most 5r, and is an even 
polynomial if r is even, and odd if r is odd; 

• for all a G M"*" and j > 0, there exists a positive constant Cjka such that 

\D^ENk{u,v)\ < Cjka for |u| + |t;|<a. (7) 

Here F{u,v)\ denotes the sum of the norms of the partial derivatives of F of order 
j at (m, v). 

If one chooses a smoothly varying family of normal coordinates and preferred frames 
about points 2; in a neighborhood of zq, then the polynomials bk and remainders E^k 
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in (|6]) vary smoothly in and the [z, u, f )-derivatives are bounded independently of N; 
setting u = w = in (E]), one obtains the Catlin-Zelditch asymptotic expansion [^[27]. 



N-^Um{z,z) 



1 



n" 



[1 + ai{z)N~' + a2{z)N-^ + ■■■ + ar{z)N-'- + ■ ■ ■ ] 



(8) 



Precisely, for all j, k > 0, there exist constants Cjk such that 



TT 



'[1 + ai{z)N-^ + ■ ■ ■ + ak{z)N-% 



CO (M) 



jk- 



Note that we do not assume in Theorem 11.21 that the coordinates zj are holomorphic. 
(Indeed, Theorem 11.21 is stated in [17] for almost complex, symplectic manifolds.) Note 
also that the point in M with coordinates {ui/y/N, . . . ,Um/y/N) depends on the 
germ at zq of the coordinate map, and thus the polynomials bj.{u,v) are not well-defined 
functions on T2(,(M), but depend on the higher jets of the coordinate map and the local 
frame. However, in our main results (Theorems II .71 and 12. ip . we use K-coordinates and a 
K-frame, which we define below. By the uniqueness properties of these coordinates (see 
the discussion following Definition II. 6p . our coefficients are intrinsic. 

Let zi, ■ ■ ■ , Zm he holomorphic local coordinates about zq and let ei, be a holomorphic 
frame about zq. Then the Kahler form is given by 



-Qjl dzj A dzk . 



(9) 



The components of the curvature tensor are given by 



R. 



ijkl 



dzkdzi 



'- + 9' 



dgiq dg 



dzk dzi 



(10) 



(Throughout this paper, formulas are summed over repeated indices.) By our convention, 

the scalar curvature is p = -RjY = g^^ g'^'' RfjkT ■ 

The above formulas hold at zq under the following weaker conditions. If Gl is a preferred 
frame at Zq, then ([9]) holds at Zq\ if is holomorphic to infinite order at zq, i.e. Ogl 
vanishes to infinite order at Zq, then ^ holds to infinite order at z^. 

If the complex coordinates zi,...,Zm are holomorphic to infinite order at zq, i.e. the 
1-forms dzj vanish to infinite order at Zq, then (Q and (11 Op hold to infinite order at Zq. 

A consequence of our formula for the coefficients of the expansion (Theorem 12. ip is 
that bi vanishes and 62 is an expression in the curvature tensor when we use appropriate 
coordinates and frame: 

Theorem 1.3. Let {L,h) — )■ (M, cj) with u = ^dd(p be as in Theorem Let be a 
holomorphic frame and let Zi,...,Zm be holomorphic coordinates such that the potential 
ip is of the form 



9V 



4 dzjdzpdzkdzi 



ZjZ^ZpZq + 0{\z\ 
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Then 



u 9i V 9: 



^ VViV' iV' v/AT' iV 
= IIbf{u, Oi; V, 62) 1 + A^~^ [\p + \R{u, u, u, u) + \R{v, v, v, v) - lR{u, v, u, v)j 

where Ej^^ satisfies the estimate ([7]) for k = 3. 

Here, R denotes the curvature tensor R{s,t,u,v) = Rfji.i{zQ)siijUkVi and p = p{zq) is 
the scalar curvature at zq. Under the assumption of the theorem, the coordinates are 
normal coordinates at zq, and therefore 

■''^'^^^ ^ dzpdzq^ ^ dzjdzpdzkdzi^ ^ 

Condition ( ITT]) means that Zi, . . . ,Zm and are "K-coordinates with a K-frame of order 
4" as in Definition 11.51 (See the discussion following Definition 11.61 for the existence of 
holomorphic K-coordinates and K- frames.) The terms of the off-diagonal expansion of 
the Szego kernel depend on the choice of coordinates and are in general not tensors. After 
we posted the first version of this paper, Xiaonan Ma and George Marinescu applied their 
prior work [T31II1] to compute the A^~^ term of an off-diagonal expansion using different 
(non- holomorphic) coordinates and frame (see |15j). 
Setting V = 0, 6*2 = in Theorem 11.31 we have: 

Corollary 1.4. Under the hypotheses of Theorem li.o^ the off-diagonal Szego kernel at 
the pair of points Zq + u/\/N and zq is given by 

N-"- ^; 0,0)=^ e-^l"l^+^^ [1 + iV"i (ip + \R{u, «, u)) + 0(iV-3/2)' 

for \u\ < a, where a G M"*". 

Recall that R{u, u, u, u) is the holomorphic sectional curvature in the w-direction mul- 
tiplied by \u\'^. 

In order for the higher hj to be well-defined, we need to strengthen the hypotheses on 
the coordinates and local frame. To do this we first summarize [HI Definition A.l, A. 2] 
as follows: 

Definition 1.5. Let be a holomorphic frame of L about Zq and Zi, ■ ■ ■ , z^ be a holo- 
morphic coordinate system about Zq. Let (p{z) be the Kdhler potential function given by 
dS]). Let 

ip{z) Izl"^ + ^ajKZ'^z^ , |J| + |K|>3 

be the Taylor expansion of the Kdhler potential, where we use the notation J = (ji, . . . ,jm), 
\J\ = ji + ■ ■ ■ + jm, z-^ = zl^ ■ ■ ■ z^ . Let 3 < n < 00. The frame is called a K-frame of 
order n if ajK = whenever \J\ -\- \K\ < n and either | J| = or \K\ = 0. The coordinates 
Zi, - ■ ■ , Zm are called the K-coordinates of order n, if ajx = whenever \J\ -\- \K\ < n and 
either \ J\ = 1 or \K\ = 1. 
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We recall that the notation f{z) ~ 'Y^cjkZ'^ for an asymptotic series means that 

= Y.\j\+\K\<n(^JKz'z^ + 0(|z|"+i), for all n e Z+. 
Combining the two parts of Definition ll.5[ we have K-coordinates with a K-frame of 
order n precisely when 

^(z) = \z\^ + ^JKz'z'' + 0{\zr^') . (12) 

kl>2, \K\>2 
\J\ + \K\<n 

In particular, normal coordinates are K-coordinates of order 3; a preferred frame is a 
K-frame of order 2. 

If u is only smooth, one cannot always find K-coordinates or a K-frame of order n = oo 
in the above definition, so we extend our definition of K-coordinates and a K-frame for 
this case: 

Definition 1.6. Let be a smooth frame about zq such that de^ vanishes to infinite order 
at a point zq, and let zi, . . . , Zm be complex coordinates about zq such that dzj vanishes to 
infinite order at zq = 0. We say that these are K-coordinates with a K-frame at zq if the 
Taylor expansion of the Kdhler potential has the form 

ip{z) ^\z\^ + YajKZ^z^ , |J| > 2, > 2, (13) 

Bochner |1] showed that if ip is real-analytic, then (after adding a pluriharmonic function 
to <y9, i.e. by making a holomorphic change of the local frame e^) there exist unique 
holomorphic K-coordinates of infinite order (up to a unitary transformation) and a unique 
holomorphic K-frame of infinite order (up to a unit complex number), and the expansion 
f lT3|l is in fact a convergent power series equal to ip{z). When the Kahler form u is 
one can find holomorphic K-coordinates and a holomorphic K-frame of any finite order 
n. Furthermore, in this case, one can use Bochner's method to find formal power series 
solutions to (fT3|) . Using the fact that any formal power series is the asymptotic Taylor 
series of a function, one obtains the existence of smooth K-coordinates with a K-frame 
(of infinite order) as in Definition 11.61 

The second main result of this paper. Theorem 11.71 below, is that the coefficients hj of 
the asymptotic expansion <^ are "homogeneous" expressions in the curvature tensor. To 
describe what this means, we let J-" be the ring of polynomials of the covariant derivatives 
of the curvature with coefficients in Q. A monomial in J-" is defined to be a product of 
terms like p/j, RiCjj jj, or Rfjkijji where / = (ii ■ ■ -ip) and J = (ji ■ ■ -jq) are multiple 
indices. In [12], the weight w is defined by: 

w(p,/j) = w{Ricfjjj) = w{Rfjkiij) = 1 + (14) 

We let V be the space of polynomials of u, v, u, v with coefficients in J-", and we extend 
the definition of w to monomials in V by requiring that w{AB) = w{A) + w{B) and 
w{u) = w{v) = w{u) = w{v) = 0. We call an element in V w;-homogeneous if all of its 
monomials have the same weight. If an element is w-homogeneous, we define its degree 
to be the weight of its monomials. 

Theorem 1.7. Let 2 < r < n — 2. Then under the hypotheses of Theorem \1.2\ with 
K-coordinates {zi, . . . , z^) and K-frame e^ of order n, the coefficient br is a polynomial in 
u, V, u, V and the covariant derivatives of the curvature, and is w -homogeneous of weight 
r/2. Moreover, as a polynomial in u, v, u, v (with coefficients in the ring T defined above): 



ASYMPTOTIC EXPANSION OF THE OFF-DIAGONAL BERGMAN KERNEL 



7 



• if r is even, br is an even polynomial of degree 2r in u, v, u, v; 

• if r is odd, br is an odd polynomial of degree 2r — 1 in u, v,u,v. 



Remark: Theorem 3.1 in [T7] says that bj. is a polynomial of the same parity as r, but gives 
the bound deg br < 5r for the more general case of almost complex symplectic manifolds 
(see Theorem II .21 above) . We note that Theorem II .71 states that br has exactly the degree 
2r (2r — 1, respectively) for r even (odd, respectively), when the terms p jj, RiCjj /j, 
jkiij^ 6tc., are regarded as abstract coefficients. When they are evaluated at a point 
Zq e M, then 2r, 2r — 1 are only upper bounds for the degree of br- For example, if M is 
a polarized abelian variety with the flat Kahler metric, then all the br vanish. 



2. Computation of the coefficients 

In this section, we prove Theorem 11.31 and also give formulas for the coefficients 63 and 
64. We begin by describing notation that we use for these formulas. Let Zi, - ■ ■ ,Zm be 
K-coordinates at zq G M. Writing 



we let 

S'(u,v) = -i?(u,v, u, v) = -Rfjf,iUiUkVjVi , 
L(u, v) = -Rf0.,UiUkUsVjVi - Rfjki^UiUkVsVjVi, 

I 1 » 1 

Kl{u, v) = {—Rijklsi + Rpjkl^ipst + RfjplRkpst + RipktRpjsl)'^i'^kUsVjViVt , 
i^'2(u, V) = -Rfji,l^tUiUkUsUtVjVl - RfjklstUiUkVjVlVsVt. 

Recall that the covariant derivatives of tensors, such as those appearing in ( IT5l) . are defined 
as 

dT- ■ - ~ P 

-'-ii-ipji-jq,s — o~ / ^ Hs-'-ii-r-ipji-iQi 

* t=l 

gj. . -. -. 1 

rp _ _ il'"ipjl'"jq \ -pr rp _ _ 

-'-ii---ipjvjq,s — / > -*- jts-'-h-ipjr-f-jq- 

^ t=l 

For any function / : T}^ x T°j^ — )■ C, we let : T}'^ x T}'^ — )■ C be the function given 

by 

/«(u, v) = /(u,v) - i/(u,u) - i/(v, v) , u,v G Ti.;°. (16) 

We now can state our formulas for the first 4 coefficients of the asymptotic expansion 
of Theorem 11.21 

Theorem 2.1. Let {L,h) — )■ (M, w) be a positive line bundle over a compact Kahler 
manifold with Kahler form oj = ^Qh- Let zi, . . . ,Zm be K-coordinates with a K-frame e^ 
at a point zq & M (as in Definition \1.6\) . 



by 
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Then the first four coefficients in the off- diagonal asymptotic expansion ([6]) are given 

bi{u,v) = 0, 

b2{u,v) = ^5^(u, v), 

b^iu, v) = ^Vp(u + v) + ^L\u, v), 

b,{u,v) = ^Ap + ^(|/2p-4|Ric|2) + ivV(u + v,u + v), 



2 



where p, Ric, R are the scalar curvature, Ricci curvature tensor, and the curvature tensor, 
respectively, at zq, and S'^ , L"^ , kI, are given by f fTSj) - f|T6|) . Furthermore, the formula 
for bj holds when Zi, . . . , are K-coordinates with a K- frame of order j + 2 (as in 
Definition \1.5\) . for 1 < j < 4. 

The values of 6i, 62 in Theorem 12.11 yield the formula of Theorem 11.31 Theorem 12 . 1 1 also 
provides scaling asymptotics of the normalized Szego kernel in [18]: 



Pn[z,w) := 1 -. (17) 

n^(^,0;2,0)2 n^(w,0;w,0)2 

Corollary 2.2. Under the hypotheses and notation of Theorem \2.1[ 

P^fj^^^] =6-^1"-"!' [l + -Re5«(u,v)iV-^ + -ReL«(u,v)iV-3/2 + 0(iV-2) . 

We begin the proof of Theorem 12.11 by introducing some more notation: 

Definition 2.3. For a local smooth frame of L M over a trivializing neighborhood 
U, we define the kernel Bn{z,w) on U x U by 

Um{z, Oi- w, 62) = e'''^''^''^e~^^'^'^-^^^'"^BN{z, w) . 

Note that if we write Sj^ = fje'^, where {Sj^} is an orthonormal basis for H^{M, L^)i 
then 



B^{z,w) = Y,f^{z)f.^ 



In particular, Bn{z,w) is independent to 61,62. 

If is holomorphic, then the /j^ are holomorphic and thus B]sf{z,w) is holomorphic 
in z and anti- holomorphic in w. More generally, if de^ vanishes to infinite order at zq, 
then Bn{z,w) is holomorphic in z and anti-holomorphic in w to infinite order at {zo,Zo). 

To simplify notation, we now write 

n^(^, w) = n^(^, 0; w, 0) , t.e. n^°(^, 6i; w, 62) = e^^^^^"^^) n^(^, w) , 

_ al^l+IQIyp(^) 
^pq(^) - dz^dzQ • 

For a multi-index P = (pi, ■ ■ ■ ,Pm), we define P\ = pi\ ■ ■ -pm}.. 
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Lemma 2.4. Suppose that {zi,...,Zm) are normal coordinates holomorphic to infinite 
order at zq, and is a preferred frame holomorphic to infinite order at zq. 
Then for all k G Z"^ and a G M"*", there exists a positive constant Cka such that 



logn 



u 



1 ^ g^i+i^iiognAf(^.^) 



dz^dz^ 



+ 



E 



\P\ + \Q\<k^^ 



P\Q\ 



\P\ + \Q\ 



+1 



z=0 
1 



1 P-C 
-V V 

2 



+ N-2FNk{u,v), 
where |F/vfc(M,t>)| < Cka for \u\ + \v\ < a, for all N > 0. 
Proof. By Definition 12.31 and the simplified notation after the definition, 



(19) 



logn 



u 



V 



N VN 



log Bn{ 



u V N u N V 



(20) 



By (fT8|) . Bn{u, v) is holomorphic in u and anti-holomorphic in v to infinite order at (0, 0), 
and therefore by Taylor's formula, 



logs 



u 



V 



N VN 



1 91^1+1^1 log 5^(^,2) 



|P| + |Q|<5A.'-1 



P\Q\ 



dz^dz'^ 



2=0 



mk 



5k 



sup iD^HogBNiu.v)]. (21) 



Next, we estimate D'' log B]\f{u,v): by Theorem ll.2[ 



logn 



u 



k-l 



iV' y/N 



u ■ V — \\u\^ 



N-'J'^PA-^. + N-^'^FMk{u, v) , (22) 



where . . . , are polynomials in {u,u,v,v), and F^k{u,v) \ < Cjka for + | < a. 
Claim: degf3j < 5j. 



To verify the claim, we recall from Theorem 1 1 . 21 that degfe,. < 5r. Assigning the weights 
z/(A^~^/^) = —5, z/(n) = i^(n) = u{v) = ^{v) = 1, and extending the definition of u to 
monomials in A^~^/^, u, u, v, v by requiring that ^{AB) = i'{A) + z^(-B), we see that all the 
monomials in (E]) have i^- weights < 0. Since the terms N~^^'^(3j in f l22p are polynomials in 
the N~'''^'^br, the monomials in N~^/'^f3j also have //-weights < 0, which verifes the claim. 

Since u ■ v — — ll'^P + Yl'jZi N^^^'^f3j{u, v) is a polynomial of degree < 5k — 5, we 
change variables from to {u, v) in ( l22l) to conclude that 

|D^Mogn;v(M,t;)| = N-''/^\D'''FNki^/Nu,VNv)\ < Ci,k]kaN^\ for \u\ + \v\ < 



N 
(23) 
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By ([20]), \ogBN{z,z) =logn^(z,z) +Nip{z). Therefore by ([2lD and (|23D. 

U V , 



log 5 



E 

|p| + |Q|<5fc-l 

E 

|P| + |Q|<5fe-l 



1 j^- i^i+iQi d^^^+^^^losBM(z.z) 



P\Q\ 



1 |f l + IQI 

AT — 



P\Q\ 



5|P|+IQIlogn;v(^,2) 



z=0 



dz^dz^ 



z=0 



(24) 



where < Cka for |u| + < a. Furthermore, by fl20|) and Taylor's formula, 



log n 



U V 



log 5 



U V 



(25) 



-f E iV-™V^Pg(0)(«^^« + .^^;'5) + iV-^i?l 

|P| + |Q|<A:+2 

where |£'^;.^(m, f )| < Cka for |m| + |f| < a. 

Since the derivatives of logllTv (of order > 0) converge uniformly to on the diagonal 

(by the Catlin-Zelditch asymptotic expansion (|H])), each of the terms ^' '"^ a!^ IgQ^''^'^'' 1^=0 1^ 
bounded independently of A^. Hence, we can move the 0{N~'^^'^) terms in the summation 
in f l2^ to the remainder. Applying fl25|) . we then obtain the formula of the lemma. □ 

We now give a quick proof that the first term hi of the expansion ([6]) vanishes. (This 
fact also follows from formula f l27p below for the coefficients /3i of 



Lemma 2.5. If {zi, . . . , Zm) are normal coordinates about zq and is a K-frame of order 
3, then 

bi{u, v) = 0. 

Proof. Under the assumptions on the coordinates and frame, we have 

(p{z,w) = z ■ w + 0{\z\ + \w\)'^. 
Thus by Lemma [2.41 with k = 2, 



logn 



u V 



iognjv(o,o) + 



1 



d 



d 



lognAr(^,2) 



2=0 



+u-v-\\u\^- ^'-'^ 



On the other hand, by 

u V , 



logn 



A^ 



N\ 



N' 



= m log \- u ■ V „ I 

^A^VA^' ^ 

But by the Catlin-Zelditch asymptotics ([H]), dlogU^^z, z) = 0(-^), and therefore bi = 
0. □ 

Taking the logarithm of ([8]), we obtain a C°° asymptotic expansion of the form 

log Un{z, z)^m log(A^/7r) + ai{z)N-^ + ^2(2) A^"' + ■ ■ ■ + Oir{z)N-' + ■ ■ ■ . (26) 
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Substituting this expansion in f lT9|) and equating coefficients with those in fl22|) . we obtain: 

Lemma 2.6. The coefficients f3j of (!22|) (j >1) are polynomials of degree at most j + 2 
given by 



=1 |P|+|Q|=i-2r 



Pig! dz^dzQ 



|P|+|Q|=i+2 



(27) 



where the Ur are given by ([26 



Remark: The estimate ( l23i) is not sharp. A sharp estimate is given by the following result 
of independent interest. 

Theorem 2.7. There exist positive constants C^a for k G Z"'",a G M"*", swc/i i/iai under 
the hypotheses of Lemma \2.4 , 



\D^\ogIiN{u,v)\ < CkaN, for \u\ + \v\ < a/VN , k e Z+ . 

Furthermore, 

\DHogUN{u,v)\ + \DHogUN{u,v)\<Ca\^N , for \u\ + \v\ < a/\/N . 
Proof. Let (3j be as in (122|) . We have by (!22|) and Lemma [275| 



Differentiating the above equation up to 3 times, we obtain the result for A; < 3. For 



lognjv(^i, v) = mlog h N(u ■ V — ^\u\'^ — ^\v\'^^ 

TT 



^ ^ 4, by Lemma [2. 6 [ 
deg 



<k-l. 



211 ' ^r- 

As in the proof of Lemma [2.41 we apply f[^2[) (with k replaced by A; — 2) to conclude that 

\D''\ogUN{u,v)\ = N-^\D''[EN[k^2]{VNu,VNv)]\ <CkaN , for \u\ + \v\ < a/VN . 

□ 



Example 1: Let L be the hyperplane section bundle over CP*" with the Fubini-Study 
metric. Let Zj = Zj/Zq for 1 < j < m, where {Zq : ■ ■ ■ : Zm) are the homogeneous 
coordinates in CP™; then Zi, . . . ,Zm are K-coordinates at = (1 : : ■ ■ ■ : 0). In terms 
of these K-coordinates and a K- frame at zo, we have 

\ogUM{u,v) = \og +N\og{l + u-v)-^\og{l + \u\^)-^\og{l + \v\^). (28) 

(See for example [3].) Differentiating, we see that 

sup \D^nognN{u,v)\r^ C2jN , sup \D^^-HognN{u,v)\r^ C2j-l\/N , 

\u\+\v\<a/^ \u\ + \v\<a/\/N 

where the Ck are constants depending on a. This example shows that Proposition 12.71 is 
sharp for k even and for k = 1,3. 
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Replacing {u,v) with (-%, -7^) in fl28|) and exponentiating, we obtain the expansion 



/TV' VN' 

n^(^' ^) = n^H^, 0; V, 0) [i + n-^ - + j + •••]. (29) 

The expansion (|29l) can be used to check Theorem II .31 for the case where M = CP™. To 
do this, the reader can substitute in Theorem 11.31 the values 

^jjj] ~ ^ ' ^jjkk = Rjkkj = 1 (j 7^ ^) ! others = , 
of the curvature tensor at zq, and verify that the resulting expansion coincides with (129|) . 

Example 2: To provide an example where Theorem 12.71 is sharp for all A; > 4, we give M 
a Kahler metric with potential 

oo 

in a neighborhood of zq = 0. By Lemma [2. 6i 

(3k{u, 0) = — - {ului + Uiul) + terms of lower degree. 
Furthermore f32, ■ ■ ■ , Pk-i are of degree <k + l. Therefore by (l22l) . 



dufdui y/N 2 

It follows that \D'+'\ogUN{u,0) \ ~ iV for A; > 3 (and also for k = 2). 

In order to use Lemma [2l6l to compute the /3j's (and then the ft/s), we need to express the 
derivatives of the Kahler potential (p in terms of the covariant derivatives of the curvature. 
Since we are using K-coordinates with a K-frame, each monomial in the expansion (fT3ll 
has at least two z/s and two z/s. Therefore, to compute /32, /^s, /34, we need the derivatives 
of (fi in the following lemma. 

Lemma 2.8. Using K-coordinates about zq G M, we have the following identities at the 
point Zq: 

i) fikjl = ~Rfjkl 

ii) ^iksjl = ~Rfjkl,s 

iii) '^ik^u = ~Rfjki,t 

i'v) fiksjlt = ~RfjkT,st + Rpjkl^ipst + RfjplRkpst + RipktRpjsT 

v) fikstjl = ~RfjkT,st 
'Vi) VikjM = ~Rijkl,st 

Furthermore, (i)-(iii) hold for K-coordinates of order 3 (i.e., normal coordinates), and 
(iv)-(vi) hold for K-coordinates of order 4- 

Proof. Equation (i) follows from f lTU]) . Differentiating f lTUj) . we have 

dRfjki d f dgiq dg. 



fiksjl — ^ 1" — \ 9 a 

dz„ dz,, V dzk dz^ ^ 

dz., V dzk dzi 



-^ijkl,s - J- is-«pjfc« - J- fcs-"ijp« + ~ 1 5' J , l-^Uj 
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where F*^ are the Christoffel symbols, 

Thus equation (ii) follows by evaluating (!30|) at zq. Equation (iii) is the conjugate of (ii). 
We recall that 



(^o) = 



dzk dzsdzk 

for K-coordinates of order 4. Equation (v) then follows by applying d/dzt to ( 130|) and 
evaluating at zq; equation (vi) is the conjugate of (v). 
Finally, by applying d/dzt to fl30|) . we have 

fiksjlti^o) = [~Rijkl,st ~ fispt Rpjkl ~ VksptRfjpT + VikptVps]T\ 

and using f lTOj) again, we get (iv). 
Proof of Theorem \2.1[ By [121 Theorem 1.1] jl 



I 2 = 20 



□ 



IIn{z,z) 



Therefore, 



AT" 



TT'' 



1 + -p{z) + -Ap + — |i?r - -|Ricr + -p 



"1 = 2^^' "2 



24' 



-Ap H 

3 24 



6' 



i?r - -iRici 



-2 



0(iV 



-3\ 



(31) 
(32) 



By Lemma [231 /3i = 0. To compute /32,/33,/34, we write 



Expanding Lemma [2.61 we have 

1 



/32 
/94 



«1 + ^ 'Pikjl^ikjl ' 

_ 1 d'^ai 1 



dzjdzk 



2 dzjdzk 



+ f ikpqjl ^ikpqjl ~^ "^ikpqjl ^ikpqjl ~^ gg f ikpqjl ^ikpqjl 



The above formula for fSj holds for K-coordinates with K-frame of order j + 2 {j = 2, 3, 4). 
Applying Lemma [2.81 we then obtain 

/32 = ^P+^5«(u,v), 



/34 



Vp(u 



12 



L»(u,v), 



Ap + —\R\' - -|Ric|' + -V>(u + V, u + v) + — i^J(u, v) + —Kl{u, v 



24 



6 



4 



^The Kahlcr form we use is tt ^ times the Kahler form in 
from the one in [12] by a factor tt^™. 



36 ' 48 

Therefore the expansion (|5T|) differs 
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Substituting these values of Pj in fl22l) and exponentiating, we obtain the formulas of 
Theorem 12.11 □ 

Remark: The coefficients 65,66 can also be computed from Lemma [2.61 using the formula 
for ^3 obtained from [12\ . 



3. Homogeneity of the coefficients 

We now prove Theorem ll.7[ Recall that J-" is the ring of polynomials of the covariant 
derivatives of the curvature with coefficients in Q, and a polynomial is w-homogeneous 
if all of its monomials have the same w- weight, as given by f|T^ . For a w- homogeneous 
polynomial, its w-weight is defined as the w-weight of any of its monomials. 

Lemma 3.1. Using coordinates zi, . . . , Zm that are holomorphic to infinite order at zq, 
the expressions 



evaluated at zq, are polynomials in 



dz^dz^ 



(33) 



where \Pl\Q\ > 2, 1 < |C| < \Q\ -2,2 < |D| < \P\ -2. Moreover, ifzi,...,Zm are 
K-coordinates of order \P\ + \Q\ at the point zq, then the expression ( |33l) . evaluated at zq, 
is a w -homogeneous polynomial in T oj w -weight (|P| + |(5|)/2 — 1. 

Proof. We first observe that we can replace g^_g^. by g^j. Let TZ be the ring generated by 



the elements in ([3i 

We need to prove that TZ is closed under partial derivatives and at the same time, the 
w-homogeneity is kept. We use mathematical induction on n = \P\ + \Q\. If n = 4, then 
the conclusion is obvious because \P\ = \Q\ = 2 and hence the expression is just —Rf^j^j. 
Assume that the lemma is proved for any |P| + |Q| < n. Using (fTOj) . any derivative 
(evaluated at Zq) of the form 

d\^\^\^\g,^ 



dz^dz^' 

with |C| + |D|=ri + l, can be represented as 



(35) 



9^-'Rm , 5"-' f „5 dg,g dgp^ 



, + ——;—r gP'^ ■ ■ (36) 
dz^' dz^' dz^'dz'^' \ dzk dzi J 

for some C',D' such that \C'\ + \D'\ = n — 1. On the other hand, any derivative of the 
form £-R 

ijkiAB can be represented as a polynomial of the covariant derivatives of the 
curvature and the Christoffel symbols F^^-. Since 

^ dz, ' 

by the inductive assumption, (!36l) is in TZ, and the first part of the lemma is proved. 
To prove the second part of the lemma, we extend the weight w so that 

w{g^) = w{g^^) = 0, w{ g^pg-7 ) = m + IQI)/2 , 
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and we extend the definition of w to monomials by requiring w{AB) = w{A) + w{B). 
(We remark tfiat tlie if-weiglit is well-defined and is independent to the choice of local 
coordinates.) Moreover, such an extension is compatible with formula ( 1T0|) since each 
monomial in ( |TOl) is of weight 1. As a result, in the procedure of writing ( 133|) in terms of the 
covariant derivatives of the curvature, at each step, we get a w-homogeneous polynomial 
in TZ. Since 

dz^dz'^ dz^'dz'^' 

for some multiple indices P',Q' such that \P'\ = \P\ — 1, \Q'\ = \Q\ — 1, this degree is 
equal to 

7/11 - 

dz^'dz^' 



cT™^ \P'\ + \Q'\ \P\ + \Q\ ^ 
w( ^ ^, = = 1. 



At zo, Qfj = 6ij and 







dz'-' dz^ 

for any C,D ^ 0. Thus the expression at z^ is a w-homogeneous polynomial of the 
covariant derivatives of the curvature of w- weight (|P| + |Q|)/2 — 1. 

□ 

By the same argument, we have 

Lemma 3.2. Let F he a w -homogeneous 'polynomial of weight d in the covariant deriva- 
tives of the curvature. Then using K-coordinates of order n at zq, the expression 

Q\P\+\Q\p 



dz^dz^ 

is a w-homogeneous polynomial of w-weight + (|P| + \Q\)/2, for \P\ + \Q\ < n — 2d — 2. 

Proof of Theorem \1.7\ Applying Lemmas 13.11 and 13.21 to formula (1271) . we see that (3^ is 
a polynomial in RijkjpQ, u,u,v,v, for 2 < r < n — 2. To prove the homogeneity, we 
further extend the w-weight by requiring w{fN~^^'^) = w{f) — r/2, where / G J-" is a 
w-homogeneous polynomial and r G Z. A formal series is called regular, if all of its 
monomials are of weight 0. The set of regular formal series forms an algebra over C. 
Then by [121 Theorem 1.1], the Catlin-Zelditch asjTiiptotic series dSJ is regular. It follows 
immediately that the asymptotic expansion ( 126|) is regular, and therefore by Lemma 13. 2[ 

is regular for s -\- \P\ -\- \Q\ < n ~ 2. By Lemma [3.11 

E,^ |f l + IQI I 1 , , 

N ^+Vpq(^o) 

\P\ + \Q\<n 

is also regular. Thus by Lemma [2. 6 [ the partial sum from ( 122|) . 
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is regular. Therefore 

exp(S,) = 1 + N-^h2 + ■■■ + N-'l%r + 0(Ar-^) (37) 

is a regular series, and hence w{hr) = r/2. 

To prove the second part of the theorem, we recall from Lemma 1?^ that Pr is a polyno- 
mial of degree at most r + 2 in (m, v, u, v). It then follows from (I57|) that the polynomial 
br is of the form 

t t 
r 



br = Y.\ ^a,-a,l[Pa. : I < t < [-\ , 2 < a, < ■ ■ ■ < at, = ^ ^ (38) 

I 1=1 i=l J 

where Qai-at ^ Q- Since deg/3a. < Oj + 2, it follows that 

degt, < ma. ±(a. + 2) = r + 2 ^ = | • l"' [ -J. (39) 



ai,...,at 

1=1 



Indeed, for r = 2s, the sum in (!38|) contains the term ^(/32)*, which contributes 
^^7S'''(u, v)*, which gives the terms of top degree 2r in br- Similarly, if r = 2s + 1, then 
br contains 3^^s^^_-^^| 5'*'(u, v)*~^L''(u, v), which is homogeneous of degree 4s + 1 = 2r — 1. 
Thus we have equality in (139|1 . □ 

Remark: It follows from ( 1271) that Pr has the same parity as r. Thus each monomial of 
(3ai has degree equal to mod 2, and ( l38ll then gives an alternative proof that br also has 
the same parity as r. 

References 

[1] J. Baber, Scaled correlations of critical points of random sections on Riemann surfaces, J. Stat. Phys. 
148 (2012), 250-279, DOI 10.1007/sl0955-012-0533-7. 

[2] R. Bcrman, B. Berndtsson, and J. Sjostrand, A direct approach to Bergman kernel asymptotics 
for positive line bundles, Ark. Mat. 46 (2008), no. 2, 197-217, DOI 10.1007/sll512-008-0077-x. 
MR2430724 (2009k:58050) 

[3] P. Bleher, B. Shiffman, and S. Zelditch, Universality and scaling of correlations between zeros on com- 
plex manifolds. Invent. Math. 142 (2000), no. 2, 351-395, DOI 10.1007/s002220000092. MR1794066 
(2002f:32037) 

[4] S. Bochner, Curvature in Hermitian metric, Bull. Amer. Math. Soc. 53 (1947), 179-195. MR0019983 
(8,490d) 

[5] L. Boutet de Monvel and J. Sjostrand, Sur la singularite des noyaux de Bergman et de Szego, 

Journees: Equations aux Derivees Partielles de Rennes (1975), Soc. Math. France, Paris, 1976, 

pp. 123-164. Asterisque, No. 34-35 (French). MR0590106 (58 #28684) 
[6] D. Catlin, The Bergman kernel and a theorem of Tian, Analysis and geometry in several complex 

variables (Katata, 1997), Trends Math., Birkhauser Boston, Boston, MA, 1999, pp. 1-23. MR1699887 

(2000e:32001) 

[7] X. Dai, K. Liu, and X. Ma, On the asymptotic expansion of Bergman kernel, J. Differential Geom. 

72 (2006), no. 1, 1-41. MR2215454 (2007k:58043) 
[8] M. R. Douglas and S. Klevtsov, Bergman kernel from path integral, Comm. Math. Phys. 293 (2010), 

no. 1, 205-230, DOI 10.1007/s00220-009-0915-0. MR2563804 (2010m:32022) 
[9] F. Ferrari, S. Klevtsov, and S. Zelditch, Simple matrix models for random Bergman metrics, J. Stat. 
Mech. Theory Exp. 4 (2012), P04012, 24. MR2956264 
[10] B. Hanin, Correlations and Pairing Between Zeros and Critical Points of Gaussian Random Poly- 
nomials. arXiv:1207.4734v2. 
[11] C.-j. Liu and Z. Lu, On the Asymptotic Expansion of Tian- Yau- Zelditch. arXiv;1105.0221. 



ASYMPTOTIC EXPANSION OF THE OFF-DIAGONAL BERGMAN KERNEL 



17 



Z. Lu, On the lower order terms of the asymptotic expansion of Tian-Yau-Zelditch, Amer. J. Math. 
122 (2000), no. 2, 235-273. MR1749048 (2002d:32034) 

X. Ma and G. Marinescu, Holomorphic Morse inequalities and Bergman kernels, Progress in Math- 
ematics, vol 254, Birkhauser Verlag, Basel, 2007. MR2339952 (2008g:32030) 

, Berezin-Toeplitz quantization on Kdhler manifolds, J. Reine Angew. Math. 662 (2012), 1-56, 

DOI 10.1515/CRELLE.2011.133. MR2876259 

, Remark on the off-diagonal expansion of the Bergman kernel on compact Kdhler manifolds. 

arXiv:1302.2346vl. 

R. Paoletti, Local asymptotics for slowly shrinking spectral bands of a Berezin-Toeplitz operator, Int. 
Math. Res. Not. IMRN 5 (2011), 1165-1204, DOI 10.1093/inirn/rnql09. MR2775879 (2012m:47053) 
B. ShifFman and S. Zelditch, Asymptotics of almost holomorphic sections of ample line bundles 
on symplectic manifolds, J. Reine Angew. Math. 544 (2002), 181-222, DOI 10.1515/crlL2002.023. 
MR1887895 (2002m:58043) 

, Number variance of random zeros on complex manifolds, Geom. Funct. AnaL 18 (2008), 

no. 4, 1422-1475, DOI 10.1007/s00039-008-0686-3. MR2465693 (2009k:32019) 

, Number variance of random zeros on complex manifolds, II: smooth statistics. Pure AppL 

Math. Q. 6 (2010), no. 4, Special Issue: In honor of Joseph J. Kohn., 1145-1167. MR2742043 
(2011m:32030) 

B. ShifFman, S. Zelditch, and S. Zrebiec, Overcrowding and hole probabilities for random 
zeros on complex manifolds, Indiana Univ. Math. J. 57 (2008), no. 5, 1977-1997, DOI 
10.1512/iumj. 2008.57.3700. MR2463959 (2010b:32027) 

M. Sodin and B. Tsirelson, Random complex zeroes. I. Asymptotic normality, Israel J. Math. 144 
(2004), 125-149, DOI 10.1007/BF02984409. MR2121537 (2005k:60079) 

, Random complex zeroes. III. Decay of the hole probability, Israel J. Math. 147 (2005), 371- 

379, DOI 10.1007/BF02785373. MR2166369 (2007a:60028) 

J. Song and S. Zelditch, Bergman metrics and geodesies in the space of Kdhler metrics on toric vari- 
eties. Anal. PDF 3 (2010), no. 3, 295-358, DOI 10.2140/apde.2010.3.295. MR2672796 (2012e:32038) 
J. Sun, Expected Euler characteristic of excursion sets of random holomorphic sections on complex 
manifolds, Indiana Univ. Math. J. (2012), to appear. arXiv:1103.4598. 

G. Tian, On a set of polarized Kdhler metrics on algebraic manifolds, J. Differential Geom. 32 (1990), 
no. 1, 99-130. MR1064867 (91j:32031) 

H. Xu, A closed formula for the asymptotic expansion of the Bergman kernel. Comm. Math. Phys. 
314 (2012), no. 3, 555-585, DOI 10.1007/s00220-012-1531-y. MR2964769 

S. Zelditch, Szego kernels and a theorem of Tian, Internat. Math. Res. Notices 6 (1998), 317-331, 
DOI 10.1155/S107379289800021X. MR1616718 (99g:32055) 

Department of Mathematics, UC Irvine, Irvine, CA 92697, USA 
E-mail address: zlu@uci.edu 



Department of Mathematics, Johns Hopkins University, Baltimore, MD 21218, USA 
E-mail address: shiffman@math.jhu.edu 



